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Abstract— This paper investigates the differentially pri-
vate consensus problem for general linear multi-agent sys-
tems (MASs) based on output feedback protocols. To pro-
tect the output information, which is considered private
data and may be at high risk of exposure, Laplace noise
is added to the information exchange. The conditions for
achieving mean square and almost sure consensus in
observer-based MASs are established using the backstep-
ping method and the convergence theory for nonnegative
almost supermartingales. It is shown that the separation
principle remains valid for the consensus problem of linear
MASs with decaying Laplace noise. Furthermore, the con-
vergence rate is provided. Then, a joint design framework is
developed for state estimation gain, feedback control gain,
and noise to ensure the preservation of ϵ-differential pri-
vacy. The output information of each agent is shown to be
protected at every time step. Finally, sufficient conditions
are established for simultaneously achieving consensus
and preserving differential privacy for linear MASs utilizing
both full-order and reduced-order observers. Meanwhile,
an ϵ⋆-differentially private consensus is achieved to meet
the desired privacy level. Two simulation examples are
provided to validate the theoretical results.

Index Terms— Differentially private consensus, Full-
order observer, Reduced-order observer, Multi-agent sys-
tems, Laplace noise

I. INTRODUCTION

Recent decades have witnessed the great progress of con-
sensus theory for multi-agent systems (MASs). Various kinds
of consensus are studied, such as average consensus [1], [2],
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bipartite consensus [3], [4], group consensus [5], [6], leader-
follower consensus [7], [8], and finite-time consensus [9],
[10]. In most consensus protocols, agents achieve consensus
by exchanging their state information with their neighbors.
However, in many scenarios, agents do not want their real state
information to be exposed to other agents. For example, in a
multi-unmanned aerial vehicles (UAVs) system, the trajectory
of each UAV is private and does not want to be obtained
by other UAVs. Another example can be found in smart
grids, where multiple grid-forming inverters use consensus
algorithms to achieve reactive power sharing. Each distributed
generators needs to obtain the system’s average reactive power
value. Although traditional dynamic consensus observers can
accurately track the average value, their information exchange
process allows neighboring nodes to reverse-engineer the orig-
inal local states from the received state data. Eavesdropping
agents can precisely deduce the true local state values simply
by accessing the observed states of neighboring nodes and
leveraging algorithmic relationships, which severely compro-
mises the commercial confidentiality of distributed generator
operations [11]. Similar privacy concerns also arise in au-
tonomous vehicle coordination. Thus, the privacy-preserving
problem must be considered simultaneously.

To solve this problem, many methods have been proposed,
such as encryption mechanisms [12], [13], partial information
transmission [14], [15], C-R lower bound [16], and differential
privacy [17], [18]. In recent years, differential privacy has
attracted much attention because of its robustness to various
attacks. The core of differential privacy is a rigorous ran-
domization mechanism: when querying a database, it adds
controllable noise to the results based on predefined parame-
ters. This ensures that the presence or absence of any single
individual’s data does not significantly affect the final output.
As a result, even if attackers obtain the processed results, they
cannot infer specific individuals’ sensitive information through
differences in the data. However, differential privacy also has
inherent limitations: the injection of noise, while providing
privacy guarantees, inevitably affects the accuracy of average
consensus and may slow down the system convergence rate (
[18], [20]–[24]).

Moreover, in practical applications, directly measuring the
state information of a system is often challenging due to
technical limitations and economic constraints on measure-
ment equipment. Consequently, it is generally infeasible to
obtain all the state information directly. To address this,
system states can be reconstructed by designing an observer.
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In traditional observer-based MASs, the output variables used
to construct the observer may contain sensitive information,
such as the position or velocity of the agents, making the
protection of these output variables critically important. In
[25], McGlinchey et al. proposed a method to protect the
output of a free-motion system using a full-order observer.
However, this approach cannot be directly applied to achieve
differentially private consensus in MASs, as the corresponding
control input alters the structure of the closed-loop system,
and its stability conditions have not been well established.
Meanwhile, the expansion from full-order observer to reduced-
order is also very important. This can bring about significant
improvements in computational efficiency, reductions in sys-
tem complexity, and savings in engineering costs. Therefore,
in the design of the vast majority of actual control systems,
as long as conditions permit, engineers will give priority to
designing reduced-dimensional observers. This work aims to
bridge these gaps by proposing a novel approach that addresses
these challenges effectively.

In this article, we tackle the observer-based differentially
private consensus problem for general linear MASs. To protect
the output information, Laplace noise is incorporated into the
information exchange process. In addition to developing a
differentially private consensus framework based on the full-
order observer, we also extend our approach to include a differ-
entially private consensus mechanism utilizing a reduced-order
observer. Furthermore, a novel feedback stabilization theory
based on noisy state observers-encompassing both full-order
and reduced-order observers is proposed. This advancement
addresses a critical gap in the stochastic stabilization of linear
stochastic systems using state observers.

A. State of the Art

The concept of differential privacy was first proposed in
[17], and later extended to the field of MASs to preserve the
state information of agents. Recent advances in differential
privacy research for MASs have primarily concentrated on
first-order dynamics while ensuring the protection of initial
state information. In [18], sufficient conditions were estab-
lished for achieving average consensus in multi-agent systems
while preserving privacy through the injection of exponen-
tially decaying additive Laplace noise. The work provided a
thorough exploration of the trade-off between accuracy and
privacy. In [19], by adding Gaussian noise, the initial state
was protected while achieving exact average consensus, and
it was proven that the proposed algorithm attained minimal
privacy leakage. In [20], asymptotic average consensus was
achieved under ϵ-differential privacy. The study not only
derived the mean square convergence rate but also revealed
that slower noise decay rates could degrade the convergence
rate. Furthermore, an optimal parameter configuration was
derived to minimize the variance of the convergence point.
In [21], Wang et al. introduced an event-triggered scheme that
ensured consensus while maintaining differential privacy, and
further investigated parameter optimization strategies under
a fixed privacy level ϵ to maximize system accuracy. In
[22], Gao et al. gave some sufficient conditions in terms of

local information to achieve average consensus and preserve
differential privacy simultaneously by using an event-triggered
control. For the case with quantized communication, some
sufficient conditions to achieve differentially private consensus
were given in [23]. In [24], a differentially private mean-
subsequence-reduced algorithm was introduced, enabling re-
silient consensus in multi-agent systems over directed net-
works while preserving differential privacy. It ensured non-
faulty agents converged despite faulty nodes, provided the
network was sufficiently robust, and protected initial states
via noise injection. In [26], a differentially private average
consensus algorithm was introduced in which a dynamic self-
triggered mechanism was incorporated, thereby safeguarding
initial-state privacy while maintaining execution efficiency. In
[27], a probabilistic communication strategy was proposed
for differentially private consensus under dynamic topologies.
Convergence conditions were established, and a convex opti-
mization method was developed to accelerate convergence un-
der communication constraints. In [28], a differentially private
absolute weighted mean subsequence reduction algorithm was
proposed for MASs over signed digraphs with misbehaving
agents. It guaranteed resilient bipartite consensus while pre-
serving differential privacy of initial conditions, maintained
accuracy under sufficient network connectivity, and tolerated
up to f faulty agents.

Meanwhile, the privacy-preserving problem of second-order
systems and high-order MASs has received growing attention.
In [29], for the case of second-order MASs with quantized
communication, some sufficient conditions were given for
MASs with connected graph to achieve both consensus and
privacy preservation. In [30], a hierarchical mechanism was
introduced for general linear MASs, which employs a classifier
and noise injectors to preserve private information while
achieving mean square consensus. To provide a more system-
atic comparison with related works, Table 1 is constructed.

In summary, the aforementioned literature shares the fol-
lowing common characteristics: (i) The proposed mechanisms
can only protect the system’s initial state, which exposes it to
serious security risks. On the one hand, the exposure of process
information enables attackers to infer sensitive information
such as network topology and control strategies. On the
other hand, potentially “honest-but-curious” agents within the
system may continuously collect states from their neighbors,
leading to gradual privacy leakage; (ii) To achieve consensus
and differential privacy, all these studies add exponentially
decaying Laplace noise into the system, which inevitably
leads to a rapid degradation of system state preservation
over time. Therefore, we raise the following fundamental
questions: Can a differential privacy framework be developed
to ensure whole-process privacy preservation for general linear
systems? Meanwhile, is it possible to relax the exponential
decay requirement for noise, allowing a slower decay rate
while still preserving privacy? How can consensus and privacy
preservation be achieved simultaneously? These considerations
directly motivated the research presented in this work.

B. Contributions
The main contributions of this work are outlined as follows.
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TABLE I
A COMPARISON OF SOME RELATED REFERENCES.

Reference Agent model Private information State known? Added noise Privacy criterion Consensus performance
[18] first-order initial states known exponentially decaying

Laplace noise
ϵ-DP iterative synchronous consen-

sus
[19] first-order initial states known exponentially decaying

Gaussian noise
ei /∈ D exact average consensus in the

mean square sense
[20], [27] first-order initial states known exponentially decaying

Laplace noise
ϵ-DP average consensus in the mean

square sense and almost sure
sense

[21], [26] first-order initial states known exponentially decaying
Laplace noise

ϵ-DP average consensus in the mean
square sense

[22]–[24] first-order initial states known exponentially decaying
Laplace noise

ϵ-DP consensus in the mean square
sense

[25] general linear entire output trajectories unknown constant Laplace noise ϵ-DP ×
[28] first-order initial states known exponentially decaying

Laplace noise
ϵ-DP resilient bipartite consensus in

the mean square sense
[29] second-order initial states known exponentially decaying

Laplace noise
ϵ-DP dynamic average consensus in

the mean square sense
[30] general linear initial states known exponentially decaying

Laplace noise
ϵ-DP bipartite consensus in the

mean square sense
Our work general linear entire output trajectories unknown decaying Laplace noise ϵ-DP & ϵ⋆-DP dynamic average consensus in

the mean square sense and al-
most sure sense

• The conditions for achieving mean square and almost sure
consensus in observer-based MASs are established using
the backstepping method and the convergence theory
for nonnegative almost supermartingales. Meanwhile, the
mean square convergence rate of the scale parameter
under exponential decay is obtained. Furthermore, it is
demonstrated that the separation principle remains valid
for the consensus problem of linear MASs with decaying
Laplace noise.

• A unified design framework is proposed for jointly tuning
the state-estimation gain, feedback control gain, and
injected noise to guarantee ϵ-differential privacy at every
time step. Meanwhile, a generalized adjacency relation is
introduced to allow broader deviations between adjacent
datasets, and the requirement that the noise variance
decay exponentially is relaxed.

• Sufficient conditions for simultaneously achieving con-
sensus and preserving differential privacy are established
for linear MASs utilizing both full-order and reduced-
order observers. This result distinguishes our work from
He et al. [31], who demonstrated that achieving average
consensus and differential privacy simultaneously is im-
possible for some first-order systems.

• Parameter design conditions are derived for a prescribed
privacy level. For any given privacy budget ϵ⋆, explicit
inequalities are provided for jointly selecting the observer
gain L, feedback gain K, and noise parameters, so
that the system achieves mean-square and almost-sure
consensus while satisfying ϵ⋆-differential privacy.

C. Outline and Notations
This work is organized as follows. In Section II, we present

the basic graph theory and the problem formulation of this
article. Section III provides the sufficient conditions for con-
sensus, ϵ-differential privacy, differentially private consensus,
and ϵ⋆-differentially private consensus based on the full-order
observer. A number of interesting corollaries are presented,

serving as significant extensions of the theorem. Moreover, the
convergence rate is given. These results are then extended to
MASs based on the reduced-order observer in Section IV. To
validate our theoretical findings, some simulation results are
given in Section V. Finally, Section VI concludes this article.

Notations: Rn denotes n-dimensional Euclidean space.
(Rn)N denotes the space of vector-valued sequences in Rn.
Z≥0 denotes the set of nonnegative integers. MT denotes the
transpose of matrix M and M−1 denotes the inverse of M .
Iq denotes a q-dimensional identity matrix. ∥X∥1, ∥X∥, and
∥X∥F denote the 1-norm, 2-norm, and Frobenius norm of X ,
respectively. P{Y } denotes the probability of Y . E[Y ] denotes
the expectation of Y . For a square matrix, the spectral radius
is denoted as ρ(·). P ⊗ Q denotes the Kronecker product of
matrices P and Q. γ ∼ Lap(0, b) stands for that γ ∈ R
satisfies the Laplace distribution with a mean of 0 and a
scale parameter of b > 0. Denote η ∼ Lap(b)n for random
variable η ∈ Rn with each of its components ηj ∼ Lap(0, b)
being independent and identically distributed, and we have
P(η; b) =

(
1
2b

)n
exp

(
−∥η∥1

b

)
(see [32] for details). We write

f(k) = O(g(k)) if there exist positive constants M and k0
such that for all k ≥ k0, |f(k)| ≤ M · |g(k)|. B(X) denotes
the Borel σ-algebra on X , generated by all open sets.

II. PRELIMINARIES AND PROBLEM FORMULATION

In this paper, the connected undirected graph G = (V,A)
is considered, where V = {1, 2, · · · , N} represents the set of
N agents and A ⊆ V × V denotes the set of edges. The
network structure is characterized by the adjacency matrix
AG = [aij ] ∈ RN×N , whose elements aij satisfy aij = aji
due to the undirected nature of the graph, with aij = 1 if
agents i and j are connected and aij = 0 otherwise. Denote
di =

∑N
j=1 aij as the degree of i and D = diag {t1, · · · , tN}

as the degree matrix. The Laplacian matrix is LG = D−AG,
whose eigenvalues are denoted as 0 = λ1 ≤ · · · ≤ λN . [LG]ij
stands for the element of row i and column j of matrix LG.
Ni denotes the set of neighbors of Agent i.
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Consider a MAS with the connected undirected graph G.
The dynamics of the N agents are described by{

xi(k + 1) = Axi(k) +Bui(k),
yi(k) = Cxi(k), k ∈ Z≥0,

(1)

where i = 1, 2, · · · , N , A ∈ Rn×n, B ∈ Rn×r, C ∈ Rq×n,
xi(k) ∈ Rn is the state information of Agent i, ui(k) ∈ Rr
and yi(k) ∈ Rq are the control input and the output of Agent
i, respectively.

For the system (1), the state vector xi(k) is generally not
directly measurable. Thus, we hope to use yi(k) to construct
an observer state to replace the real state to design a feedback
control such that the consensus can be achieved. In this work,
the observer is designed according to some rule,{

x̂i(k + 1) = f(x̂i(k), ui(k), yi(k), ŷi(k)),
ŷi(k) = g(x̂i(k)),

(2)

where x̂i(k) and ŷi(k) denote the estimated value of xi(k)
and yi(k), respectively. It is easy to see that the full-order
state and the reduced-order state observers studied in Sections
III and IV can be considered as the special cases of the rule
(2).

In the traditional consensus algorithm, ui(k) is designed as
follows

ui(k) = K
∑
j∈Ni

aij (x̂j(k)− x̂i(k)) ,

where K ∈ Rr×n is the control gain matrix to be designed.
However, if there is an semi-honest agent among these agents
(or eavesdropper) who possesses certain information, includ-
ing: (i) the dynamics of the agent, (ii) the model of the
observer system, (iii) the consensus algorithm, (iv) the graph
of the MAS, and (v) the estimated value x̂j(k), j ∈ Ni, and the
eavesdropper attempts to obtain the output information yi(k)
of other agents, then the privacy has a great risk of exposure.
Thus, we add Laplace noise to the message sent by the Agent
i to others to preserve yi(k):

θi(k) = x̂i(k) + ηi(k), (3)

where ηi(k) ∼ Lap(bi(k))
n defined on a complete probability

space (Ω,F , {Fk}k≥0,P), Fk = σ{ηj(s) | j = 1, · · ·N , s <
k}.

Based on the information (3), the controller is given as
follows

ui(k) = K
∑
j∈Ni

aij (θj(k)− x̂i(k)) . (4)

Remark 1: The use of Laplace noise in this work follows
the classical ϵ-differential privacy framework. Compared with
Gaussian noise, the main advantages of the Laplace mech-
anism are: (i) it provides strict (pure) ϵ-differential privacy
without requiring an additional δ parameter; (ii) its probability
density function has a simple closed form, which enables a
more tractable privacy analysis. iii) the work Wang et al. [33]
shows that Laplacian noise is optimal (among all possible
distributions) in the sense that it minimizes the entropy of the
transmitted messages while preserving differential privacy. On
the other hand, Laplace noise has heavier tails than Gaussian
noise, which may introduce larger variance into the exchanged
information.

Denote η(k) = [ηT1 (k), η
T
2 (k), · · · , ηTN (k)]T ∈ RNn×1

and θ(k) = [θT1 (k), θ
T
2 (k), · · · , θTN (k)]T ∈ RNn×1. Note

that the noise is included in (4). Then, stochastic consensus
including the mean square and almost sure consensus should
be investigated.

Definition 1 (Mean square consensus): The MAS (1) un-
der the observer (2) and the control (4) is said to achieve the
mean square consensus if lim

k→∞
E ∥xj(k)− xi(k)∥2 = 0 and

lim
k→∞

E∥xi(k) − x̂i(k)∥2 = 0, for any given initial value and
all i, j = 1, . . . , N .

Definition 2 (Almost sure consensus): The MAS (1) under
the observer (2) and the control (4) is said to achieve the
almost sure consensus if lim

k→∞
∥xj(k)− xi(k)∥ = 0 and

lim
k→∞

∥xi(k) − x̂i(k)∥ = 0, for any given initial value and
all i, j = 1, . . . , N .

In addition to obtaining the aforementioned consensus, we
also ensure privacy preservation. We now give the definitions
of adjacent and ϵ-differential privacy for general linear MASs.

Definition 3 (Adjacent): Denote y(k) = [yT1 (k), y
T
2 (k),

yT3 (k), · · · , yTN (k)]T ∈ RN×q . Given m > 0 and function
h(k) > 0, then two sets of output information y(k) and y′(k)
are adjacent with m and h(k) if, there exist i0 ∈ {1, 2, ..., N}
and k0 ≥ 0 such that yi(k) = y′i(k) for i ̸= i0 and k ∈ Z≥0,
and {

yi0(k) = y′i0(k), k < k0∥∥yi0(k)− y′i0(k)
∥∥
1
≤ mh(k − k0), k ≥ k0.

(5)

Remark 2: In our framework, the privacy of the entire
output trajectories is guaranteed through the definition of
adjacency in Definition 3 combined with the ϵ-differential
privacy mechanism. The adjacency relation is defined on the
whole output trajectories rather than on single time steps.
Under such an adjacency notion, the ϵ-differential privacy
guarantee ensures that an adversary cannot reliably distinguish
between any two such adjacent entire trajectories, thereby
protecting the full process information across all time steps.
This modeling approach is consistent with literature [25].

Remark 3: In previous works on observer-based privacy-
preserving approaches,

∥∥yi0(k)− y′i0(k)
∥∥
1

is required to be
bounded by an exponentially decaying function [25]. How-
ever, in this work, we relax this constraint to enable pri-
vacy preservation across wider variations of adjacent datasets,
which strengthens data preservation. Moreover, k0 allows the
difference between adjacent datasets to begin at any time,
rather than being restricted to starting at time 0.

Note that (2) - (4) tell us that θ(k) is determined by the noise
η(k) and the output y(k) given the initial value x̂(0). Then, we
can define the function φ : RN×n×RN×q → RN×n such that
φ(η(k), y(k)) = θ(k) is well defined, which is consistent with
related formulations in the literature [20]. Let O denote any
Borel measurable set in the trajectory space (Rn)N. Hence,
the ϵ-differential privacy is defined as follows [34].

Definition 4 (ϵ-differential privacy): Let ϵ ≥ 0 be given.
For i ∈ {1, . . . , N}, k ∈ Z≥0, and any set O ∈ B((Rn)N),
the ϵ-differential privacy is said to be preserved if, for any



X. ZONG et al.: OBSERVER-BASED DIFFERENTIALLY PRIVATE CONSENSUS 5

adjacent y(k) and y′(k),

P{η(k) ∈ Ω |φ(η(k), y(k)) ∈ O}
≤ eϵP {η(k) ∈ Ω | φ(η(k), y′(k)) ∈ O} .

Remark 4: Under the considered multi-agent system frame-
work, the mapping φ(η(k), y(k)) = θ(k) is well-defined
through a recursive causal mechanism. Starting from the initial
condition x̂(0), the injection of noise η(0) forms θ(0), which
in turn determines the control input u(0). Given u(0), the
known observer output ŷ(0), and the measured output y(0), the
subsequent state x̂(1) is uniquely determined by the observer
dynamics. This process repeats at each step k: from x̂(k) and
η(k) to θ(k), then to u(k), and finally to x̂(k + 1). This
unbroken causal chain guarantees that the sequences η(k) and
y(k) uniquely generate the entire trajectory of θ(k), thereby
establishing a rigorous foundation for ϵ-differential privacy
analysis.

The objective of this work is to construct the appropriate
observer, controller ui(k), and Laplace noise η(k) such that
the MAS (1) can achieve the above consensus and preserve
the privacy simultaneously, which is said to achieve the
differentially private consensus. In the following, we consider
the observer-based differentially private consensus based on
the full-order observer and the reduced-order observer, respec-
tively.

III. DIFFERENTIALLY PRIVATE CONSENSUS BASED ON
THE FULL-ORDER OBSERVER

In this section, we investigate differentially private consen-
sus problem based on the following full-order observer:{

x̂i(k + 1) = Ax̂i(k) +Bui(k) + L (yi(k)− ŷi(k)) ,
ŷi(k) = Cx̂i(k),

(6)
where L ∈ Rn×q is the state estimation gain.

Denoting x̂(k) =
[
x̂T1 (k), x̂

T
2 (k), · · · , x̂TN (k)

]T ∈ RN×n

and the observer error ei(k) = xi(k)− x̂i(k), we have

ei(k + 1) = Aei(k)− LCei(k) = (A− LC)ei(k)

and

xi(k + 1) = Axi(k) +BK
∑
j∈Ni

aij (θj(k)− x̂i(k))

=Axi(k)−BK

N∑
j=1

[LG]ij x̂j(k)−BK

N∑
j=1,j ̸=i

[LG]ij ηj(k).

We can rewrite the above equation as follows:

x(k + 1) = [(IN ⊗A)− (LG ⊗BK)]x(k)

+ (LG ⊗BK) e(k) + (AG ⊗BK)η(k),
(7)

where x(k) =
[
xT1 (k), x

T
2 (k), · · · , xTN (k)

]T ∈ RN×n and
e(k) =

[
eT1 (k), e

T
2 (k), · · · , eTN (k)

]T ∈ RN×n.
Defining the consensus error δ(k) = [(IN − JN )⊗ In]x(k)

and the observer error ϱ(k) = [(IN−JN )⊗In]e(k), we obtain
δ(k + 1) =[(IN ⊗A)− (LG ⊗BK)] δ(k)+(LG ⊗BK) ϱ(k)

+ [(IN − JN )⊗ In] (AG ⊗BK) η(k),

ϱ(k + 1) =[IN ⊗ (A− LC)] ϱ(k),

where JN = 1
N 1N1T

N .
Define the unitary matrix Ψ =

[
1N√
N
, ϕ2, · · · , ϕN

]
, where

ϕi is the unit eigenvector of LG associated with the eigen-
value λi. We can see that ΨTLGΨ = diag {0, λ2, · · · , λN}.
Defining δ(k) = (Ψ⊗ In) δ̃(k) and ϱ(k) = (Ψ⊗ In) ϱ̃(k),
we have

ϱ̃(k + 1) = [IN ⊗ (A− LC)] ϱ̃(k)

and

δ̃(k+1) = (Ψ⊗ In)
T
δ(k + 1)

= [IN ⊗A−∆⊗BK] δ̃(k) + (∆⊗BK)ϱ̃(k) +Mη(k),

where ∆ = diag {0, λ2, · · · , λN} and M = ΨT(AG−
JNAG)⊗BK. Note that

δ̃(k) = (ΨT ⊗ In)δ(k) = [ΨT(IN − JN )⊗ In]x(k).

It yields that δ̃1(k) = [ IN√
N
(IN − JN )⊗ In]x(k) = 0.

Denote ξ(k) =
[
δ̃2(k)

T, · · · , δ̃N (k)T
]T

, ψ(k) = (ϱ̃2(k)
T,

· · · , ϱ̃N (k)T)T, and η̃(k) = [η2(k)
T, · · · , ηN (k)T]T. Then,

we have {
ξ(k + 1) =R1ξ(k) +R2ψ(k) + M̃η̃(k),

ψ(k + 1) =R3ψ(k),
(8)

where R1 = IN−1 ⊗ A − Λ ⊗ BK, R2 = Λ ⊗ BK,
Λ = diag {λ2, · · · , λN}, M̃ = ΦT (AG − JNAG) ⊗ BK,
Φ = [ϕ2, · · · , ϕN ], and R3 = IN−1 ⊗ (A− LC).

To quantify how fast the agents reach agreement, we give
the following definition of the observer-based mean square
convergence rate, extended from [19].

Definition 5 (Mean square convergence rate): Consider
the multi-agent system (1) under the observer (6) and the
control protocol (4). The mean square convergence rate ρ is
defined as:

ρ = lim
k→∞

sup
(ξ(0),ψ(0))̸=0

(
E[∥ξ(k)∥2]

∥ξ(0)∥2 + ∥ψ(0)∥2

) 1
2k

.

Remark 5: The definition of the mean-square convergence
rate in this paper differs from the case without an observer
[19], fundamentally due to the coupling of system dynamics.
When the system does not include an observer, the conver-
gence rate only needs to consider the state error dynamics,
and its definition can be based solely on the initial state ξ(0).
However, after introducing an observer, the evolution of the
state error ξ(k) not only depends on its own initial value
but is also influenced by the observer error ψ(k) through the
coupling term R2ψ(k). Therefore, the worst-case convergence
performance may be dominated by the initial condition of the
observer error ψ(0). The given definition can accurately reflect
the worst-case convergence performance of the system under
the influence of the observer.

A. Consensus
In the following theorem, we give some sufficient conditions

for the MAS (1) based on the full-order observer (6) to achieve
the mean square and almost sure consensus. These conditions
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imply that the separation principle still holds when examining
the consensus problem of linear MASs with decaying Laplace
noise. Meanwhile, the convergence rate is provided. The
following convergence theory for nonnegative almost super-
martingales will play an important role in obtaining the almost
sure consensus.

Lemma 1: [35] Let {F(k), k ∈ N} be a sequence of σ-
algebras. Let V (k), µ(k), v(k), and ω(k) be F(k)-measurable
nonnegative random variables such that for all k,

E{V (k + 1) | F(k)} ≤ (1 + µ(k))V (k) + v(k)− ω(k), a.s.

If
∑∞
k=0 µ(k) <∞ and

∑∞
k=0 v(k) <∞ a.s., then there exists

a nonnegative random variable x∗ such that lim
k→∞

V (k) = x∗

and
∑∞
k=0 ω(k) <∞ a.s.

Theorem 1: Consider bi(k) = cipi(k) with ci > 0, pi(k) >
0, and

∑∞
k=0 pi(k) <∞. If there exist two matrices K and L

such that ρ(A−LC) < 1 and ρ(IN−1⊗A−Λ⊗BK) < 1 with
Λ = diag {λ2, · · · , λN}, then both the mean square consensus
and the almost sure consensus are achieved for the MAS (1)
under the observer (6) and the control (4).

Proof: First, we give the proof of the mean square
consensus. Select P1 such that P−1

1 R1P1 = JR, where JR
is the Jordan normal form of R1. Letting ζ(t) = P−1

1 ξ(t),
one can see that

ζ(k + 1) = JRζ(k) + Z(k) + Z̃(k),

where Z(k) = P−1
1 R2ψ(k) and Z̃(k) = P−1

1 M̃η̃(k). Denote

Jλq,nq =


λq 1 · · · 0 0
0 λq · · · 0 0
...

...
. . .

...
...

0 0 · · · λq 1
0 0 · · · 0 λq


as the qth Jordan block of nq size with eigenvalue λq .
Denote ζq(k) =

[
ζq,1(k), · · · , ζq,j(k), · · · , ζq,nq

(k)
]T ∈ Rnq ,

Zq(k) =
[
zq,1(k), · · · , zq,j(k), · · · , zq,nq

(k)
]T ∈ Rnq , and

Z̃q(k) = [z̃q,1(k), · · · , z̃q,j(k), · · · , z̃q,nq (k)
]T ∈ Rnq , where

ζq,j , Zq,j , and Z̃q,j represent the
(∑q−1

l=1 nl + j
)

th elements

of ζ, Z, and Z̃, respectively. Then, we have

ζq(k + 1) = Jλq,nq
ζq(k) + Zq(k) + Z̃q(k).

It follows that
ζq,nq

(k + 1) =λqζq,nq
(k) + Zq,nq

(k) + Z̃q,nq
(k),

ζq,j(k + 1) =λqζq,j(k) + ζq,j+1(k)

+ Zq,j(k) + Z̃q,j(k), j = 1, · · · , nq−1.
(9)

This can be considered as a semi-decoupled version. We can
see from (9) that∥∥ζq,nq (k + 1)

∥∥2 = λ2q
∥∥ζq,nq (k)

∥∥2 + ∥∥Zq,nq (k)
∥∥2

+ 2λqζ
T
q,nq

(k)
(
Zq,nq

(k) + Z̃q,nq
(k)
)

+ 2ZT
q,nq

(k)Z̃q,nq
(k) +

∥∥∥Z̃q,nq
(k)
∥∥∥2 .

Taking the expectation on both sides, we have

E∥ζq,nq (k + 1)∥2 = λ2qE
∥∥ζq,nq (k)

∥∥2 + E
∥∥Zq,nq (k)

∥∥2
+ E

∥∥∥Z̃q,nq
(k)
∥∥∥2 + 2λqE

{
ζTq,nq

(k)Zq,nq
(k)
}

≤λq2E
∥∥ζq,nq

(k)
∥∥2 + E

∥∥Zq,nq
(k)
∥∥2 + E

∥∥∥Z̃q,nq(k)

∥∥∥2
+ λqεE

∥∥ζq,nq
(k)
∥∥2 + λq

ε
E
∥∥Zq,nq (k)

∥∥2
=
(
λ2q + λqε

)
E
∥∥ζq,nq

(k)
∥∥2

+

(
1 +

λq
ε

)
E
∥∥Zq,nq (k)

∥∥2 + E
∥∥∥Z̃q,nq (k)

∥∥∥2 .
Letting r1 = λ2q + λqε, r2 = 1 + λq

ε , we have

E∥ζq,nq
(k + 1)∥2 ≤ rk+1

1 E
∥∥ζq,nq

(0)
∥∥2

+

k∑
l=0

r2r
k−l
1 E

∥∥Zq,nq
(l)
∥∥2 + k∑

l=0

rk−l1 E
∥∥∥Z̃q,nq(l)∥∥∥2 .

Since the spectral radius satisfies ρ(IN−1⊗A−Λ⊗BK) < 1,
there exists a sufficiently small ε > 0 ensuring r1 < 1. It then
follows that

lim
k→∞

rk+1
1 E∥ζq,nq

(0)∥2 = 0.

Since ρ(A− LC) < 1, we have

lim
k→∞

E∥Zq,nq
(k)∥2 = 0

and

lim
k→∞

k∑
l=0

r2r1
k−lE∥Zq,nq

(l)∥2 = 0.

Since Z̃(k) = P−1
1 M̃η̃(k) is a linear combination of {ηi(k)}

and
∑∞
k=0 pi(k) <∞, we obtain

lim
k→∞

E∥Z̃(k)∥2 = 0.

This immediately yields

lim
k→∞

E∥Z̃q,nq
(k)∥2 = 0,

and then

lim
k→∞

k∑
l=0

rk−l1 E∥Z̃q,nq
(l)∥2 = 0.

Thus, we have

lim
k→∞

E
∥∥ζq,nq

(k + 1)
∥∥2 = 0. (10)

Now, we prove lim
k→∞

E ∥ζq,j(k + 1)∥2 = 0 based on

lim
k→∞

E ∥ζq,j+1(k + 1)∥2 for j = 1, 2, · · · , nq − 1, which is
called the backstepping method. Observe that

E∥ζq,j(k + 1)∥2 ≤ rk+1
1 E ∥ζq,j(0)∥2 +

k∑
l=0

r2r
k−l
1 E ∥Zq,j(l)∥2

+

k∑
l=0

rk−l1 E
∥∥∥Z̃q,j(l)∥∥∥2 + k∑

l=0

rk−l1 E ∥ζq,j+1(l)∥2 .
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Note that

lim
k→∞

k∑
l=0

r1
k−lE ∥ζq,j+1(l)∥2 = 0.

Then, by the similar process in obtaining (10), we have

lim
k→∞

E∥ζq,j(k + 1)∥2 = 0, j = 1, 2, · · · , nq − 1.

That is, the mean square consensus is achieved.
We now provide the proof of the almost sure consensus.

Letting V (k) = ξT(k)Pξ(k), we have

V (k + 1) = ξT(k + 1)Pξ(k + 1)

=
[
R1ξ(k)+R2ψ(k)+M̃η̃(k)

]T
P
[
R1ξ(k)+R2ψ(k)+M̃η̃(k)

]
= V (k)+ξT(k)

(
RT

1 PR1− P
)
ξ(k)+ψT(k)RT

2 PR2ψ(k)

+ η̃T(k)M̃TPM̃η̃(k) + 2ξT(k)RT
1 PR2ψ(k)

+ 2ξT(k)RT
1 PM̃η̃(k) + 2ψT(k)RT

2 PM̃η̃(k).

Taking the expectation on both sides, one has

E{V (k+1) | Fk} = Vk + E
{
ξT(k)

(
RT

1 PR1 − P
)
ξ(k)

+ψT(k)RT
2 PR2ψ(k) + η̃T(k)M̃TPM̃η̃(k)

}
+ 2ξT(k)RT

1 PR2ψ(k)

≤Vk + E{ξT(k)
(
RT

1 PR1 − P
)
ξ(k)

+ ψT(k)RT
2 PR2ψ(k) + λmax(M̃

TPM̃)∥η̃(k)∥2

+ ε1ξ
T(k)RT

1 PR1ξ(k) +
1

ε1
ψT(k)RT

2 PR2ψ(k)}

=Vk + λmax(M̃
TPM̃)n

N∑
i=1

cipi(k)

+ E
{
ξT(k)

(
RT

1 PR1 − P + ε1R
T
1 PR1

)
ξ(k)

+ ψT(k)

(
RT

2 PR2 +
1

ε1
RT

2 PR2

)
ψ(k)

}
.

Since ρ (R3) < 1, we have

lim
k→∞

∥ψ(k)∥ = lim
k→∞

∥xi(k)− x̂i(k)∥ = 0,

∞∑
k=0

∥ψ(k)∥2 <∞,

and
∞∑
k=0

ψT(k)

(
1 +

1

ε1

)
RT

2 PR2ψ(k)

<

(
1 +

1

ε1

)
λmax(R

T
2 PR2)

∞∑
k=0

∥ψ(k)∥2 <∞.

Note that
∞∑
k=0

λmax(M̃
TPM̃)n

N∑
i=1

cipi(k) <∞.

Since ρ (R1) < 1, there exists a positive definite matrix P
such that RT

1 PR1 −P +Q = 0, where Q > 0. Select a small
enough ε1 such that ε1RT

1 PR1 < Q. By Lemma 1, we have

lim
k→∞

V (k) exists and is finite. Since lim
k→∞

E{V (k)} = 0, we
must have

lim
k→∞

V (k) = 0 a.s.,

which implies
lim
k→∞

∥ξk∥ = 0 a.s.

Now, the proof is completed.

Remark 6: Evidently, Theorem 1 relaxes the constraints
on the variance of Laplace noise, enabling the achievement
of both mean square consensus and almost sure consensus
without requiring exponentially decaying noise variance( [20],
[31]).

Remark 7 (Separation principle): The separation principle
refers to the classical result stating that, for linear systems,
the controller design and the observer design can be carried
out independently. Specifically, the stability of the closed-
loop system can be ensured by combining a stabilizing state-
feedback controller with a stable observer, without requiring a
joint or coupled design procedure. In this paper, the separation
principle means that the consensus protocol and the observer
(with decaying Laplace noise) can be designed separately,
and the overall closed-loop consensus performance remains
guaranteed.

Based on the aforementioned theorem, we can get the
following conclusion.

Corollary 1: Consider bi(k) = cig
k
i with ci > 0 and

0 < gi < 1. If there exist two matrices K and L such that
ρ(A − LC) < 1 and ρ(IN−1 ⊗ A − Λ ⊗ BK) < 1 with
Λ = diag {λ2, · · · , λN}, then both the mean square consensus
and the almost sure consensus are achieved for the MAS (1)
under the observer (6) and the control (4).

From Corollary 1, we have established that the system
achieves consensus when the scale parameter bi(k) decays
exponentially. A natural and important question that follows
is: what is the explicit convergence rate in the mean square
sense under such conditions? The following theorem addresses
this question by characterizing the convergence rate.

Theorem 2: Consider bi(k) = cig
k
i with ci > 0 and 0 <

gi < 1. Assume there exist matrices K and L such that ρ(A−
LC) < 1 and ρ(IN−1 ⊗ A − Λ ⊗ BK) < 1, where Λ =
diag{λ2, . . . , λN}. Then, the mean-square convergence rate
is given by:

ρ = max
(
ρ(IN−1 ⊗A− Λ⊗BK), ρ(A− LC),max

i
gi

)
.

Proof: Using the transformed coordinates, we have the
system: {

ξ(k + 1) = R1ξ(k) +R2ψ(k) + M̃η̃(k)

ψ(k + 1) = R3ψ(k)

where R1 = IN−1 ⊗ A − Λ ⊗ BK, R2 = Λ ⊗ BK, R3 =
IN−1 ⊗ (A− LC).

The solution for ψ(k) is ψ(k) = Rk3ψ(0). Substituting into
the ξ-dynamics and solving recursively yields:

ξ(k) = Rk1ξ(0)+

k−1∑
j=0

Rk−1−j
1 R2R

j
3ψ(0)+

k−1∑
j=0

Rk−1−j
1 M̃η̃(j).
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Define the deterministic and stochastic parts as:

dξ(k) = Rk1ξ(0) +

k−1∑
j=0

Rk−1−j
1 R2R

j
3ψ(0),

nξ(k) =

k−1∑
j=0

Rk−1−j
1 M̃η̃(j).

Then, ξ(k) = dξ(k) + nξ(k). Since η̃(k) is zero-mean and
independent of initial conditions, we have

E[ξ(k)T ξ(k)] = E[dξ(k)T dξ(k)] + E[nξ(k)Tnξ(k)].

Let ρ1 = ρ(R1) = ρ(IN−1⊗A−Λ⊗BK), ρ2 = ρ(R3) =
ρ(A − LC), and ρs = max(ρ1, ρ2). There exists a constant
C > 0 such that for all t ≥ 0, ∥Rt1∥ ≤ Cρt1 and ∥Rt3∥ ≤ Cρt2.

For the deterministic part,

∥dξ(k)∥ ≤ ∥Rk1ξ(0)∥+
k−1∑
j=0

∥Rk−1−j
1 R2R

j
3ψ(0)∥

≤ Cρk1∥ξ(0)∥+
k−1∑
j=0

Cρk−1−j
1 ∥R2∥Cρj2∥ψ(0)∥.

Thus,

∥dξ(k)∥ ≤ Cρk1∥ξ(0)∥+ C2∥R2∥∥ψ(0)∥
k−1∑
j=0

ρk−1−j
1 ρj2.

Note that
∑k−1
j=0 ρ

k−1−j
1 ρj2 ≤ kρk−1

s . Applying the inequality
(a+ b)2 ≤ 2a2 + 2b2, we have

∥dξ(k)∥2 ≤ 2C2ρ2k1 ∥ξ(0)∥2 + 2C4∥R2∥2∥ψ(0)∥2k2ρ2k−2
s .

Since ψ(0) is fixed, ∥ψ(0)∥ is finite. Therefore, we obtain

∥dξ(k)∥2

∥ξ(0)∥2 + ∥ψ(0)∥2
≤ 2C2ρ2k1 +

2C4∥R2∥2∥ψ(0)∥2k2ρ2k−2
s

∥ξ(0)∥2 + ∥ψ(0)∥2
.

Taking the k-th root and limit as k → ∞, we have

lim sup
k→∞

(
∥dξ(k)∥2

∥ξ(0)∥2 + ∥ψ(0)∥2

)1/k

≤ ρ2s.

For the stochastic part,

E[nξ(k)Tnξ(k)] =
k−1∑
j=0

tr
[
Rk−1−j

1 M̃ΛjM̃
T (Rk−1−j

1 )T
]
,

where Λj = diag(2c21g
2j
1 , 2c

2
1g

2j
2 , . . . ). Let θ = maxi g

2
i and

c = maxi ci. Then Λj ≤ 2c2θjI , and

E[nξ(k)Tnξ(k)] ≤ 2c2
k−1∑
j=0

θj∥Rk−1−j
1 M̃∥2F

≤ 2c2C2∥M̃∥2F
k−1∑
j=0

θjρ
2(k−1−j)
1 .

Hence,

E[nξ(k)Tnξ(k)] ≤ 2c2C2∥M̃∥2F ρ
2(k−1)
1

k−1∑
j=0

(
θ

ρ21

)j
.

The growth rate satisfies

lim sup
k→∞

(
E[nξ(k)Tnξ(k)]

)1/k ≤ max(θ, ρ21).

Since E[nξ(k)Tnξ(k)] is independent of initial conditions, we
have

E[nξ(k)Tnξ(k)]
∥ξ(0)∥2 + ∥ψ(0)∥2

= O
(
[max(θ, ρ21)]

k
)
.

Combining both parts, we obtain

E[ξ(k)T ξ(k)]
∥ξ(0)∥2 + ∥ψ(0)∥2

≤ O(ρ2ks ) +O
(
[max(θ, ρ21)]

k
)

= O
(
[max(ρ2s, θ, ρ

2
1)]

k
)
.

Therefore,

ρ ≤ max(ρs,
√
θ, ρ1) = max(ρs,

√
θ)

= max
(
ρ(IN−1 ⊗A− Λ⊗BK), ρ(A− LC),max

i
gi

)
.

The equality is achieved by considering initial conditions
aligned with the slowest-decaying modes. This completes the
proof.

Remark 8: Theorem 2 reveals that the overall mean-square
convergence rate is determined by the worst-case (slowest)
convergence behavior among three fundamental factors: (i) the
inter-agent consensus dynamics ρ(IN−1⊗A−Λ⊗BK), (ii) the
estimation error dynamics ρ(A−LC), and (iii) the maximum
decay rate of the privacy-preserving noise sequences maxi gi.
In particular, the result highlights a fundamental trade-off in
privacy-preserving consensus-while stronger privacy protec-
tion typically requires slower noise decay (larger gi), this may
comes at the direct cost of reduced convergence rate.

Remark 9: In [36], Liu et al. investigated the differentially
private output consensus problem for continuous-time hetero-
geneous linear MASs and got static average consensus in
mean square sense. Different from [36], we study the observer-
based differentially private consensus based on the full-order
observer and obtain both the mean square consensus and
the almost sure consensus of the observer-based discrete-time
general linear MASs.

Remark 10: Note that the existence of L such that ρ(A −
LC) < 1 can be ensured by the condition that (A,C) is
detectable. If γ∗ = argminγ [∃P̂ > 0 | P̂ > ATP̂A +

In − γATP̂B(Im + BTP̂B)−1BTP̂A] ∈ (0, 1) is well
defined, then for any 1 > γ ≥ γ∗, the sufficient condition
ρ(IN−1 ⊗A− Λ⊗BK) < 1 can be guaranteed with

K = ς
(
Ir +BTPB

)−1
BTPA,

where
−
√
1− γ

λ2
+

1

λ2
≤ ς ≤

√
1− γ

λN
+

1

λN

and P satisfies the following parameterized generalized Alge-
braic Riccati Equation:

0 = ATPA− γATPB
×
(
Im +BTPB

)−1
BTPA+ In − P.

See [37] for more details about the solution to the above
parameterized generalized Algebraic Riccati Equation.
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From the established sufficient conditions of Theorem 1,
the state estimation gain L and the feedback gain K can be
independently designed, which ensures both the mean square
stability and the almost sure stability of the agents’ estimation
errors and pairwise measurement errors, even in the presence
of Laplace noise. This foundational concept underpins the
separation principle for observer-based consensus in linear
MASs. Furthermore, this principle extends to the observer-
based stabilization of a single linear system. To elucidate this
concept, consider the following linear system accompanied by
its full-order observer:{

x(k + 1) = Ax(k) +Bu(k),
y(k) = Cx(k), k ∈ Z≥0

(11)

and{
x̂(k + 1) = Ax̂(k) +Bu(k) + L (y(k)− ŷ(k)) ,
ŷ(k) = Cx̂(k),

(12)

where

u(k) = K(x̂(k) + η(k)) (13)

and η(k) ∼ Lap(b(k))n. Here, u(k) is control input based
on the observer (12) affected by the noise η(k). Theorem 1
implies the following corollary, which is also new.

Corollary 2: Consider b(k) = cpk with c > 0 and 0 < p <
1. If there exist two matrices K and L such that ρ(A−LC) < 1
and ρ(A−BK) < 1, then both the mean square and the almost
sure stabilization are achieved for (11) under the control (13).

B. Differential privacy

Next, we give the differential privacy theorem for the MAS
(1) under the full-order observer (6).

Theorem 3: Consider bi(k) = cipi(k) with ci > 0 and
pi(k) > 0. Let the observer’s initial values x̂y,i(0) = x̂y′,i(0)
for adjacent y(k) and y′(k) with m > 0 and h(k) > 0. If
there exist functions h(k) and pi(k), and matrices K and L
such that

ϵ = max
1≤i≤N

(
∥L∥1m

∞∑
k=1

∑k−1
b=0 l

k−b−1
i h(b)

cipi(k)

)
<∞, (14)

then the ϵ-differential privacy is preserved, where li =
∥A− LC − diBK∥1.

Proof: It can be seen that

P{φ(η(k), y(k)) ∈ O} =P{x̂y,i(k) + ηi(k) ∈ O}
=P{ηi(k) ∈ O − x̂y,i(k)}.

Letting βi(k) = x̂y,i(k)− x̂y′,i(k), we have

P{φ(η(k), y′(k)) ∈ O} = P{x̂y′,i(k) + ηi(k) ∈ O}
= P{x̂y,i(k)− βi(k) + ηi(k) ∈ O}
= P (ηi(k)− βi(k) ∈ O − x̂y,i(k)}.

Thus, we obtain

P {η(k) ∈ Ω | φ(η(k), y(k)) ∈ O}
P {η(k) ∈ Ω | φ(η(k), y′(k)) ∈ O}

=
∏
i∈V

∞∏
k=0

∫
O−x̂y,i(k)

L(ηi(k), 0, bi(k))dηi(k)∫
O−x̂y,i(k)

L(ηi(k),−βi(k), bi(k))dηi(k)

=
∏
i∈V

∞∏
k=0

e
− ∥ηi(k)∥1

bi(k)
+

∥ηi(k)+βi(k)∥1
bi(k)

≤
∏
i∈V

∞∏
k=0

e
∥βi(k)∥1

bi(k)

= e
∑

i∈V
∑∞

k=0
∥βi(k)∥1

bi(k) .

It can be seen that

x̂y,i(k + 1) = (A− LC − diBK) x̂y,i(k)

+ Lyi(k) +BK
∑
j∈Ni

aijθj(k),

x̂y′,i(k + 1) =(A− LC − diBK)x̂y′,i(k)

+ Ly′i(k) +BK
∑
j∈Ni

aijθ
′
j(k).

Noting O = {θi(k), i ∈ V} and O′ = {θ′i(k), i ∈ V} for y and
y′ are the same, we have

x̂y,i(k + 1)− x̂y′,i(k + 1)

= (A−LC−diBK) [x̂y,i(k)− x̂y′,i(k)]+L [yi(k)− y′i(k)] .

Since x̂y,i(0) = x̂y′,i(0), it follows that

x̂y,i(k + 1)−x̂y′,i(k + 1)

=

k∑
b=0

(A− LC − diBK)
k−b

L [yi(b)− y′i(b)]

and

x̂y,i(k)− x̂y′,i(k)

=
k−1∑
b=0

(A− LC − diBK)
k−b−1

L [yi(b)− y′i(b)] , k ≥ 1.

For i = i0, we have

∥x̂y,i0(k)− x̂y′,i0(k)∥1

≤ ∥L∥1
k−1∑
b=0

∥A− LC − di0BK∥k−b−1
1 ∥yi0(b)− y′i0(b)∥1

≤ ∥L∥1
k−1∑
b=k0

lk−b−1
i0

mh(b− k0)

≤ ∥L∥1m
k−1∑
b=0

lk−b−1
i0

h(b).

For i ̸= i0, we have

∥x̂y,i(k)− x̂y′,i(k)∥1 = 0.
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If there exist functions h(k) and pi(k) and matrices K and L
such that (14) holds, then we have

P{η(k) ∈ Ω | φ(η(k), y(k)) ∈ O}
P {η(k) ∈ Ω | φ(η(k), y′(k)) ∈ O}

≤ e
∥L∥1m

∑∞
k=1

∑k−1
b=0

l
k−b−1
i0

h(b)

ci0
pi0

(k)

≤ e
max1≤i≤N

(
∥L∥1m

∑∞
k=1

∑k−1
b=0

l
k−b−1
i

h(b)

cipi(k)

)
<∞.

(15)

Letting ϵ = max1≤i≤N

(
∥L∥1m

∑∞
k=1

∑k−1
b=0 l

k−b−1
i h(b)

cipi(k)

)
, the

ϵ-differential privacy is preserved. The proof is completed.

Theorem 3 presents a complex integrated condition involv-
ing adjacency distance, noise design, and gain design. In fact,
this theorem relaxes the restrictions on the noise variance and
the definition of adjacent. Below, we derive several interesting
corollaries.

Corollary 3: Consider bi(k) = ci
1

(k+1)2 , i.e., pi(k) =
1

(k+1)2 . Let the observer’s initial values x̂y,i(0) = x̂y′,i(0)

for adjacent y(k) and y′(k) with m > 0, h(k) > 0, and
∞∑
k=0

h(k)k2 <∞. (16)

If there exist matrices K and L such that li =
∥A− LC − diBK∥1 < 1, then the ϵ-differential pri-
vacy is preserved with ϵ = max1≤i≤N ϵi, where ϵi =

∥L∥1m
∑∞
b=0 h(b)

[(b+2)2−(2b2+6b+3)li+(b+1)2l2i ]
ci(1−li)3 .

Proof: Letting pi(k) = 1
(k+1)2 , we have

ϵi = e∥L∥1mci
−1 ∑∞

k=1(k+1)2
∑k−1

b=0 l
k−b−1
i h(b).

It can be seen that
∞∑
k=1

(k + 1)2
k−1∑
b=0

lk−b−1
i h(b)

=

∞∑
b=0

h(b)

[
(b+ 2)2 − (2b2 + 6b+ 3)li + (b+ 1)2l2i

]
(1− li)3

,

which is finite under the condition (16). Letting

ϵi = ∥L∥1m
∞∑
b=0

h(b)

[
(b+ 2)2−(2b2 + 6b+ 3)li+(b+ 1)2l2i

]
ci(1− li)3

,

the ϵ-differential privacy is preserved with ϵ = max1≤i≤N ϵi.
The proof is completed.

Corollary 4: Consider bi(k) = cig
k
i , i.e., pi(k) = gki , 0 <

gi < 1. Let the observer’s initial values x̂y,i(0) = x̂y′,i(0) for
adjacent y(k) and y′(k) with m > 0 and h(k) > 0. Assume
that there exist constant C and real number α < gi such that

h(k) ≤ Cαk (17)

for all sufficiently large k. If there exist matrices K and
L such that li = ∥A− LC − diBK∥1 < gi, then the ϵ-
differential privacy is preserved with ϵ = max1≤i≤N ϵi, where

ϵi =
∥L∥1m
ci(gi−li)

∑∞
b=0 h(b)

(
1
gi

)b
.

Proof: Letting pi(k) = gki , we have

ϵ = max
1≤i≤N

(
∥L∥1mci−1

∞∑
k=1

g−ki

k−1∑
b=0

lk−b−1
i h(b)

)
. (18)

By exchanging the order of summation, we have
∞∑
k=1

g−ki

k−1∑
b=0

lk−b−1
i h(b) =

1

li

∞∑
b=0

h(b)

lbi

∞∑
k=b+1

(
li
gi

)k
=

1

gi − li

∞∑
b=0

h(b)

(
1

gi

)b
.

Therefore, the convergence of the original series is equivalent

to that of the series
∑∞
b=0 h(b)

(
1
gi

)b
. According to the theory

of power series convergence, the condition for this series to
converge is that the exponential growth rate of h(b) does not
exceed gi, i.e.,

lim sup
b→∞

h(b)1/b < gi.

This implies that there exist constant C > 0 and α < gi
such that for all sufficiently large k, h(k) ≤ Cαk. Letting

ϵi = ∥L∥1m
ci(gi−li)

∑∞
b=0 h(b)

(
1
gi

)b
, the ϵ-differential privacy is

preserved with ϵ = max1≤i≤N ϵi. The proof is completed.

Remark 11: Compared to [25], the two conclusions pre-
sented above relax the restrictions on h(k), eliminating the
requirement for h(k) to decay exponentially. In fact, as shown
in (16) of Conclusion 3, we can set the magnitude of h(k) at
any time step k as long as the overall sum converges. Further-
more, (17) in Conclusion 4 shows that we can arbitrarily set
the magnitude of h(k) for finitely many terms, provided that
for sufficiently large k, the decay rate of h(k) is faster than
gki .

C. Differentially private consensus
Theorem 4: Consider bi(k) = cipi(k) with ci > 0 and

pi(k) > 0. Let the observer’s initial values x̂y,i(0) = x̂y′,i(0)
for adjacent y(k) and y′(k) with m > 0 and h(k) > 0. Assume
that there exist functions h(k) and pi(k), and matrices K and
L such that

ρ(A− LC) < 1,

ρ(IN−1 ⊗A− Λ⊗BK) < 1,∑∞
k=0 pi(k) <∞,

ϵ = max
1≤i≤N

(
∥L∥1m

∑∞
k=1

∑k−1
b=0 l

k−b−1
i h(b)

cipi(k)

)
<∞,

(19)
where

Λ = diag {λ2, · · · , λN} , li = ∥A− LC − diBK∥1 .

Then, mean square consensus, almost sure consensus, and
the preservation of ϵ-differential privacy are simultaneously
achieved.

Then, we have the following corollary.
Corollary 5: Let the observer’s initial values x̂y,i(0) =

x̂y′,i(0) for adjacent y(k) and y′(k) with m > 0 and h(k) =
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αk, α ∈ (0, 1). Consider bi(k) = cig
k
i , i.e., pi(k) = gki ,

α < gi < 1. Assume that there exist two matrices K and L
such that ρ(A−LC) < 1, ρ(IN−1⊗A−Λ⊗BK) < 1, and li =
∥A− LC − diBK∥1 ∈ (α, gi) with Λ = diag {λ2, · · · , λN}.
Then, mean square consensus, almost sure consensus, and
the preservation of ϵ-differential privacy are simultaneously
achieved with ϵ = max1≤i≤N ϵi, where

ϵi =
mgi∥L∥1

ci (gi − li) (gi − α)
. (20)

Proof: Substituting h(k) = αk and pi(k) = gki into
equation (19), we can obtain the above result.

Remark 12: Corollary 5 tells us that it is possible to simul-
taneously achieve both consensus and differential privacy for
the linear system using full-order state observer. This is dif-
ferent from previous work [31], which showed that achieving
average consensus and differential privacy simultaneously is
impossible for some first-order systems. Moreover, compared
with the conventional exponentially decaying noise adopted
in much of the existing literature [20-24], our framework
allows the noise variance to decay at a polynomial rate, e.g.,
bi(k) = ci/(k + 1)2, while still guaranteeing ϵ-differential
privacy.

Remark 13: In the expression of the privacy parameter ϵ,
m defines the maximum difference bound between adjacent
datasets. A larger value of m implies a more significant
potential impact of data variation on the system output, thus
requiring stronger noise to mask it. α controls the decay
rate of the data difference itself, and a larger α similarly
necessitates more persistent noise coverage. ∥L∥1, the 1-norm
of the observer gain, reflects the extent to which the system
amplifies output differences-the higher the gain, the more noise
is required to compensate. ci represents the initial intensity
of the noise, directly determining the initial level of privacy
protection. The two key safety margins, (gi− li) and (gi−α),
ensure that the decay rate of the introduced noise is slower
than the decay rate li of the internal error dynamics and the
decay rate α of the external data differences, respectively.

Remark 14: Under the condition li > α, we obtain the
simplified approximate expression

ϵ ≤ max
1≤i≤N

mgi|L|1
ci(gi − li)2

.

Due to the presence of an observer and the general noise
design, this bound depends on more parameters. However,
its fundamental structure remains consistent with those in
[20] and [30]. This bound also provides clear guidelines for
parameter selection: ϵ decreases with smaller m and α, and
with larger ci and gi. In particular, ϵ can be made arbitrarily
small by increasing ci.

Remark 15: When applying Corollary 5, practitioners
should first design the observer gain L and controller gain
K such that ρ(A−LC) < 1 and ρ(IN−1⊗A−Λ⊗BK) < 1
are satisfied, based on the system matrix A and the network
eigenvalues matrix Λ. The parameter gi should be chosen
within (α, 1) and should also satisfy gi > li, where li =
∥A−LC − diBK∥1. To achieve a desired level of privacy (a
specific ϵ), a trade-off exists: selecting a gi closer to 1 or a

smaller ci will result in stronger privacy protection (a smaller
ϵi) but will simultaneously slow down the convergence rate of
the consensus algorithm. Therefore, ci and gi should be co-
optimized to meet the application’s required privacy budget ϵ
while maintaining an acceptable consensus performance.

D. ϵ⋆-differentially private consensus

In Corollary 5, we established the conditions for the system
to simultaneously achieve consensus and ϵ-differential privacy,
and provided the computational expression for ϵ. If we want
to specify a desired ϵ⋆ value in advance, how should we
configure the system parameters to achieve the intended level
of privacy protection? This section is dedicated to addressing
this question.

Theorem 5: Let the observer’s initial values x̂y,i(0) =
x̂y′,i(0) for adjacent y(k) and y′(k) with m > 0 and h(k) =
αk, α ∈ (0, 1). Assume that there exist two matrices K and L
such that ρ(A−LC) < 1, ρ(IN−1⊗A−Λ⊗BK) < 1, and li =
∥A − LC − diBK∥1 ∈ (α, 1) with Λ = diag {λ2, · · · , λN}.
Consider bi(k) = cig

k
i , i.e., pi(k) = gki , gi ∈ (li, 1). Then,

for any desired privacy level ϵ⋆, there exist gi such that mean
square consensus, almost sure consensus, and the preservation
of ϵ⋆-differential privacy are simultaneously achieved if the
following condition holds:

m∥L∥1 < ϵ⋆ci(1− α)(1− li). (21)
Proof: Rewriting the original equation (20) as a

quadratic in gi:

ϵ⋆ci g
2
i −

[
ϵ⋆ci(α+ li) +m∥L∥1

]
gi + ϵ⋆ciαli = 0.

Then, the differentially private consensus problem is trans-
formed into finding a solution gi ∈ (li, 1) satisfying f(gi) = 0.
Define the quadratic function

f(x) = ϵ⋆ci x
2 −

[
ϵ⋆ci(α+ li) +m∥L∥1

]
x+ ϵ⋆ciαli.

Since ϵ⋆ci > 0, the graph of f(x) opens upward, and f(0) =
ϵ⋆ciαli > 0. Evaluating the function at critical boundary
points, we first examine the lower endpoint of the interval
and we obtain:

f(li) = ϵ⋆cil
2
i − [ϵ⋆ci(α+ li) +m∥L∥1] li + ϵ⋆ciαli

= −m∥L∥1li < 0.

At the upper endpoint g = 1, we have:

f(1) = ϵ⋆ci(1− α)(1− li)−m∥L∥1.

We now demonstrate that the necessary and sufficient
condition for the existence of gi ∈ (li, 1) is m∥L∥1 <
ϵ⋆ci(1−α)(1−li). For sufficiency, when this inequality holds,
f(1) > 0. Since f(li) < 0 and f is continuous, the Inter-
mediate Value Theorem ensures at least one real root in the
open interval. To examine uniqueness, consider the derivative
f ′(x) = 2ϵ⋆cix− [ϵ⋆ci(α+ li) +m∥L∥1], whose zero occurs
at x0 = ϵ⋆ci(α+li)+m∥L∥1

2ϵ⋆ci
. If x0 ≤ li, then f ′(x) ≥ 0 on the

interval, guaranteeing monotonic increase and a unique root.
If x0 > li, then the combination of negative lower boundary
value and upward-opening parabolic shape still yields a unique
root. For necessity, if m∥L∥1 ≥ ϵ⋆ci(1 − α)(1 − li), then
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f(1) ≤ 0. Together with f(li) < 0 and the upward-opening
nature, this implies f(x) < 0 throughout the interval when
f(1) < 0, or vanishing only at the endpoint x = 1 when
f(1) = 0. Since the endpoint is excluded, no valid solution
exists in the open interval.

In conclusion, the necessary and sufficient condition for the
existence of a unique gi ∈ (li, 1) is:

m∥L∥1 < ϵ⋆ci(1− α)(1− li).

This completes the proof.

Remark 16: The parameters m and ci in condition (21)
offer complementary design freedom to fulfill the privacy
and consensus requirements. Crucially, for any predefined
privacy level ϵ⋆ > 0, one can always ensure the condition
m∥L∥1 < ϵ⋆ci(1−α)(1− li) holds for all agents i by either:

• Employing a noise sequence with a sufficiently large
initial amplitude ci, or

• For a given noise sequence (fixed ci), ensuring the initial
deviation m between adjacent datasets is sufficiently
small.

This flexibility provides a clear design pathway: by appropri-
ately scaling the initial noise intensity ci relative to the sys-
tem’s inherent sensitivity m, one can simultaneously achieve
the desired ϵ⋆-differential privacy guarantee while maintaining
consensus.

Remark 17: For the proposed observer-based differentially
private consensus algorithm, we have analyzed the computa-
tional complexity of each component. For each agent, one iter-
ation mainly consists of the observer update with complexity
O(n2), the distributed control computation with complexity
O(din), and the generation of the Laplace noise vector with
complexity O(n). Therefore, the overall per-agent compu-
tational complexity is O(n2). Since all computations and
communications are performed locally, the algorithm exhibits
good scalability. The total computational burden of the entire
network is O(Nn2), which does not increase significantly with
the number of agents N .

IV. DIFFERENTIALLY PRIVATE CONSENSUS BASED ON
THE REDUCED-ORDER OBSERVER

Compared with the full-order observer, the reduced-order
observer can reduce the dimension of the observer system
and simplify the computation. Without loss of generality, the
original system (1) is assumed to be the following form

[
x1i(k + 1)
x2i(k + 1)

]
=

[
A11 A12

A21 A22

] [
x1i(k)
x2i(k)

]
+

[
B1

B2

]
ui(k),

yi(k) =
[
0 Iq

] [ x1i(k)
x2i(k)

]
,

(22)

where x1i(k) ∈ Rn−q , x2i(k) ∈ Rq , A11 ∈ R(n−q)×(n−q),
A12 ∈ R(n−q)×q , A21 ∈ Rq×(n−q), A22 ∈ Rq×q, B1 ∈

R(n−q)×r, and B2 ∈ Rq×r. This is equivalent to x1i(k + 1) = A11x1i(k) +A12x2i(k) +B1ui(k)
x2i(k + 1) = A21x1i(k) +A22x2i(k) +B2ui(k)
yi(k) = x2i(k).

(23)
Letting u(k) = A12x2i(k) + B1ui(k) and y(k) =

A21x1i(k) = x2i(k + 1)−A22x2i(k)−B2ui(k), we have{
x1i(k + 1) = A11x1i(k) + u(k)
y(k) = A21x1i(k).

The reduced-order observer is given as follows{
x̂1i(k + 1) = A11x̂1i(k) + u(k) + L

(
y(k)− ŷ(k)

)
,

ŷ(k) = A21x̂1i(k),
(24)

where L ∈ Rn×q is the state estimation gain.

Letting x̂i(k) =
[
x̂1i(k)
x2i(k)

]
, the information that the Agent

i sent to other agents is generated as

θi(k) = x̂i(k) + ηi(k) =

[
x̂1i(k)
x2i(k)

]
+ ηi(k), (25)

where ηi(k) ∼ Lap(0, bi(k)), and the observer-based con-
troller can be rewritten as follows

ui(k) = K
∑
j∈Ni

aij

(
θj(k)−

[
x̂1i(k)
x2i(k)

])
, (26)

where K =
[
K1 K2

]
, K1 ∈ Rr×(n−q), K2 ∈ Rr×q.

Next, we will derive the sufficient conditions for achieving
consensus and differential privacy based on the observer (24),
the noise addition mechanism (25), and the controller (26).

A. Consensus

Similar to the case of full-order observer in Section III, we
first give the following mean square and almost sure consensus
theorem.

Theorem 6: Consider bi(k) = cipi(k) with ci > 0, pi(k) >
0, and

∑∞
k=0 pi(k) <∞. If there exist matrices K and L such

that ρ(IN−1⊗A−Λ⊗BK) < 1 and ρ(A11−LA21) < 1 with
Λ = diag {λ2, · · · , λN}, then both the mean square consensus
and the almost sure consensus are achieved for the MAS (22)
with the observer (24) and the control (26).

Proof: Let e1i(k) = x1i(k) − x̂1i(k). Then, we have
from (22) and (24) that

e1i(k + 1) = (A11 − LA21)e1i(k).

Letting e1(k) =
[
eT11(k), e

T
12(k), · · · , eT1N (k)

]
, one can find

e1(k + 1) =
[
IN ⊗

(
A11 − LA21

)]
e1(k).

If there exists matrix L such that ρ(A11 −LA21) < 1, then it
follows that

lim
k→∞

e1(k) = 0.
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From (1), (25), and (26), we have

xi(k + 1) = Axi(k) +BK
∑
j∈Ni

aij

(
θj(k)−

[
x̂1i(k)
x2i(k)

])

=Axi(k)−BK

N∑
j=1

[LG]ij xj(k)

+BK1

N∑
j=1

[LG]ij e1j(k)−BK

N∑
j=1,j ̸=i

[LG]ij ηj(k).

We can rewrite the above equation in a compact form as
follows

x(k + 1) = [(IN ⊗A)− (LG ⊗BK)]x(k)

+ (LG ⊗BK1) e1(k) + (AG ⊗BK) η(k).
(27)

It can be seen that (27) has a same form of (7). If there exist
matrices K and L such that ρ(IN ⊗ A − Λ ⊗ BK) < 1 and
ρ(A11 − LA21) < 1, then both mean square and almost sure
consensus are achieved for the system (1) with the observer
(24) by applying similar procedures to Theorem 1.

The following conclusion immediately follows.
Corollary 6: Consider bi(k) = cig

k
i with ci > 0 and 0 <

gi < 1, i.e., pi(k) = gki . If there exist matrices K and L such
that ρ(IN ⊗A−Λ⊗BK) < 1 and ρ(A11 −LA21) < 1 with
Λ = diag {λ2, · · · , λN}, then both the mean square consensus
and the almost sure consensus are achieved for the MAS (22)
with the observer (24) and the control (26).

Proof: It is easy to prove that pi(k) = gki with 0 < gi <
1 satisfies conditions pi(k) > 0 and

∑∞
k=0 pi(k) <∞, so we

obtain the above corollary.

Following the similar methods as in Corollary 2, we can
derive the following observer-based stabilization result for a
single linear system (N = 1) with

u(t) = K(x̂(k) + η(k)) = K

[
x̂1(k)
x2(k)

]
+ η(k). (28)

Corollary 7: Consider b(k) = cpk with c > 0 and 0 <
p < 1. If there exist matrices K and L such that ρ(A −
BK) < 1 and ρ(A11−LA21) < 1, then both the mean square
stabilization and the almost sure stabilization are achieved for
the single system with the observer (24) and the control (28).

The following theorem explicitly characterizes the mean-
square convergence rate for the case of exponentially decaying
scale parameter bi(k).

Theorem 7: Consider bi(k) = cig
k
i with ci > 0 and 0 <

gi < 1. Assume that there exist two matrices K and L such
that ρ(IN ⊗A−Λ⊗BK) < 1 and ρ(A11 −LA21) < 1 with
Λ = diag {λ2, · · · , λN}. Then, the mean square convergence
rate is

ρ = max
(
ρ(IN ⊗A− Λ⊗BK), ρ(A11 − LA21),max

i
gi

)
.

Proof: The proof is analogous to that of Theorem 2 and
is therefore omitted here.

Remark 18: This theorem establishes the mean-square con-
vergence rate under a reduced-order observer, exhibiting a
clear correspondence with the full-order observer case. Com-
pared with Theorem 2, the convergence rate is similarly
determined by three factors: the cooperative control dynamics
ρ(IN ⊗A− Λ⊗BK), the observer error dynamics ρ(A11 −
LA21), and the noise decay rate maxi gi. The key distinc-
tion lies in the observer dynamics term-while the full-order
observer considers the spectral radius of the full estimation
error system matrix A−LC, the reduced-order observer only
involves the spectral radius of the reduced subsystem matrix
A11 − LA21. This difference reflects the core advantage of
reduced-order observers: by leveraging structural information
of the output matrix, the stability condition for observer
design is reduced from the full-dimensional space to a lower-
dimensional subspace, potentially yielding faster convergence
characteristics. However, both cases clearly demonstrate that
the decay rate of the privacy-preserving noise directly con-
strains the ultimate system convergence performance, estab-
lishing a unified theoretical framework for balancing privacy
and convergence rate under different observer structures.

B. Differential privacy
The next result gives some sufficient conditions to preserve

the differential privacy based on the reduced-order observer
(24).

Theorem 8: Consider bi(k) = cipi(k) with ci > 0 and
pi(k) > 0. Let the observer’s initial values x̂y,1i(0) =
x̂y′,1i(0) for adjacent y(k) and y′(k) with m > 0 and h(k) >
0. If there exist functions h(k) and pi(k), and matrices K1

and K2 such that

ϵi = m

∞∑
k=1

wi
∑k−1
l=0 v

k−l−1
i h(l)

cipi(k)
+m

∞∑
k=0

h(k)

cipi(k)
<∞,

(29)
then the ϵ-differential privacy is preserved with ϵ =
max1≤i≤N ϵi, where vi =

∥∥A11 − diB1K1

∥∥
1

and wi =∥∥A12 − diB1K2

∥∥
1
.

Proof: From (23) and Definition 3, we can see that y(k)
and y′(k) are adjacent if, there exist i0 ∈ {1, 2, ..., N} and
k0 ≥ 0 such that for i ̸= i0, yi(k) = y′i(k), k ∈ Z≥0, and{

x2i0(k) = x′2i0(k), k < k0∥∥x2i0(k)− x′2i0(k)
∥∥
1
≤ mh(k − k0), k ≥ k0.

(30)

Based on the reduced-order observer (24), define function
φ(η, y) = θ and an observation Ō = {θi(k), i ∈ V}. It is
obvious that

P{φ(η(k), y(k)) ∈ Ō} = P{x̂y,i(k) + ηi(k) ∈ Ō}
= P{ηi(k) ∈ Ō − x̂y,i(k)}.

Letting

βi(k) = x̂y,i(k)− x̂y′,i(k) =

[
x̂y,1i(k)− x̂y′,1i(k)
xy,2i(k)− xy′,2i(k)

]
,

we have
P{φ(η(k), y′(k)) ∈ Ō} = P{x̂y′,i(k) + ηi(k) ∈ Ō}

= P{x̂y,i(k)− βi(k) + ηi(k) ∈ Ō}
= P (ηi(k)− βi(k) ∈ Ō − x̂y,i(k)}.
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Thus, we obtain

P
{
η(k) ∈ Ω | φ(η(k), y(k)) ∈ Ō

}
P
{
η(k) ∈ Ω | φ(η(k), y′(k)) ∈ Ō

}
=
∏
i∈V

∞∏
k=0

∫
Ō−x̂y,i(k)

L(ηi(k), 0, bi(k))dηi(k)∫
Ō−x̂y,i(k)

L(ηi(k),−βi(k), bi(k))dηi(k)

=
∏
i∈V

∞∏
k=0

e
− ∥ηi(k)∥1

bi(k)
+

∥ηi(k)+βi(k)∥1
bi(k)

≤
∏
i∈V

∞∏
k=0

e
∥βi(k)∥1

bi(k)

= e
∑

i∈V
∑∞

k=0
∥βi(k)∥1

bi(k) .

Next, we aim to calculate ∥βi(k)∥1. From (24) and (26), it
follows that

x̂1i(k+1) = A11x̂1i(k) +A12x2i(k) + L(y − ŷ)

+B1

K ∑
j∈Ni

aij

(
θj(k)−

[
x̂1i(k)
x2i(k)

])
=
(
A11 − LA21

)
x̂1i(k) + LA21x1i(k) +A12x2i(k)

− ciB1

(
K1x̂1i(k) +K2x2i(k)

)
+B1K

∑
j∈Ni

aijθj(k)

=
(
A11 − tiB1K1

)
x̂1i(k) + LA21e1i(k)

+
(
A12 − tiB1K2

)
x2i(k) +B1K

∑
j∈Ni

aijθj(k).

Since Ō = {θi(k), i ∈ V} for y and y′ are the some, we have

x̂y,1i(k + 1)−x̂y′,1i(k + 1)

=
(
A11 − tiB1K1

) [
x̂y,1i(k)− x̂y′,1i(k)

]
+ LA21(ey,1i(k)− ey′,1i(k))

+
(
A12 − tiB1K2

)
[xy,2i(k)− xy′,2i(k)] .

Letting x̂y,1i(0) = x̂y′,1i(0), we obtain

ey,1i(0)− ey′,1i(0) = 0

and

x̂y,1i(k + 1)− x̂y′,1i(k + 1)

=

k∑
b=0

(
A11 − tiB1K1

)k−b {[A21 (ey,1i(b)− ey′,1i(b))

+
(
A12 − tiB1K2

)
[xy,2i(b)− xy′,2i(b)]}

=

k∑
b=0

(
A11 − tiB1K1

)k−b
×
{
LA21

(
A11 − LA21

)b
[ey,1i(0)− ey′,1i(0)]

+
(
A12 − tiB1K2

)
[xy,2i(b)− xy′,2i(b)]

}
=

k∑
b=0

(
A11 − tiB1K1

)k−b
×
(
A12 − tiB1K2

)
[xy,2i(b)− xy′,2i(b)]

=

k∑
b=0

vk−bi wi [xy,2i(b)− xy′,2i(b)] .

For i = i0, we have

∥x̂y,1i0(k + 1)− x̂y′,1i0(k + 1)∥1

=

k∑
b=0

vk−bi0
wi0∥xy,2i0(b)− xy′,2i0(b)∥1

≤ wi0

k∑
b=k0

vk−bi0
mh(b− k0)

≤ mwi0

k∑
b=0

vk−bi0
h(b).

This together with (30) implies

∥βi0(k)∥1≤
∥∥x̂y,1i0(k)−x̂y′,1i0(k)∥∥1+∥xy,2i0(k)−xy′,2i0(k)∥1

≤ mwi0

k−1∑
l=0

vk−l−1
i0

h(l) +mh(k).

For i ̸= i0, we have

∥x̂y,1i(k + 1)− x̂y,1i(k + 1)∥1 = 0

and
∥βi(k)∥1 = 0.

Then, we have

P
{
η(k) ∈ Ω | φ(η(k), y(k)) ∈ Ō

}
P
{
η(k) ∈ Ω | φ(η(k), y′(k)) ∈ Ō

}
≤ e

m
∑∞

k=1

wi0

∑k−1
l=0

v
k−l−1
i0

h(l)

ci0
pi0

(k)
+m

∑∞
k=0

h(k)
ci0

pi0
(k) <∞.

Letting ϵi = m
∑∞
k=1

wi
∑k−1

l=0 v
k−l−1
i h(l)

cipi(k)
+ m

∑∞
k=0

h(k)
cipi(k)

,
the ϵ-differential privacy can be preserved with ϵ =
max1≤i≤N ϵi. The proof is completed.

Then, we have the following corollaries. The proof follows
similar procedures to those in Corollaries 3 and 4 and is
therefore omitted here.

Corollary 8: Consider bi(k) = ci
1

(k+1)2 , i.e., pi(k) =
1

(k+1)2 . Let the observer’s initial values x̂y,i(0) = x̂y′,i(0)

for adjacent y(k) and y′(k) with m > 0 , h(k) > 0, and
∞∑
k=0

h(k)k2 <∞. (31)

If there exist function h(k) and matrix K1 such that
vi < 1, then the ϵ-differential privacy is preserved
with ϵ = max1≤i≤N ϵi, where ϵi = mwici

−1(1 −
vi)

−3
∑∞
b=0 h(b)

[
(b+ 2)2 − (2b2 + 6b+ 3)vi + (b+ 1)2v2i

]
+

mci
−1
∑∞
b=0 h(b)(b+ 1)2.

Corollary 9: Consider bi(k) = cig
k
i , i.e., pi(k) = gki , 0 <

gi < 1. Let the observer’s initial values x̂y,i(0) = x̂y′,i(0) for
adjacent y(k) and y′(k) with m > 0 and h(k) > 0. Assume
that there exist constant C and real number α < gi such that

h(k) ≤ Cαk (32)

for all sufficiently large k. If there exist matrices K and
L such that vi ∈ (α, gi), then the ϵ-differential pri-
vacy is preserved with ϵ = max1≤i≤N ϵi, where ϵi =
m(wi+gi−vi)
ci(gi−vi)

∑∞
b=0 h(b)

(
1
gi

)b
.
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C. Differentially private consensus
Theorem 9: Consider bi(k) = cipi(k) with ci > 0 and

pi(k) > 0. Let the observer’s initial values x̂y,i(0) = x̂y′,i(0)
for adjacent y(k) and y′(k) with m > 0 and h(k) > 0. Assume
that there exist functions h(k) and pi(k) and matrices K and
L such that

ρ(A11 − LA21) < 1,

ρ(IN−1 ⊗A− Λ⊗BK) < 1,∑∞
k=0 pi(k) <∞,∑∞
k=1

wi
∑k−1

l=0 v
k−l−1
i h(l)

cipi(k)
+
∑∞
k=0

h(k)
cipi(k)

<∞

(33)

with Λ = diag {λ2, · · · , λN}. Then, mean square consensus,
almost sure consensus, and the preservation of ϵ-differential
privacy are simultaneously achieved with ϵ = max1≤i≤N ϵi,
where

ϵi = m

∞∑
k=1

wi
∑k−1
l=0 v

k−l−1
i h(l)

cipi(k)
+m

∞∑
k=0

h(k)

cipi(k)
.

Similarly to Corollary 5 based on the full-order state ob-
server, we can obtain the joint design for achieving consensus
and preservation of ϵ-differential privacy and the proof is
omitted here.

Corollary 10: Let the observer’s initial values x̂y,1i(0) =
x̂y′,1i(0) for adjacent y(k) and y′(k) with m > 0 and h(k) =
αk, α ∈ (0, vi). Consider bi(k) = cig

k
i with vi < gi < 1.

Assume there exist matrices K and L such that ρ(IN−1⊗A−
Λ ⊗ BK) < 1 and ρ(A11 − LA21) < 1. Then, mean square
consensus, almost sure consensus, and the preservation of the
ϵ-differential privacy are achieved with ϵ = max1≤i≤N ϵi,
where ϵi = mgi(wi+gi−vi)

ci(gi−vi)(gi−α) , vi =
∥∥A11 − diB1K1

∥∥
1
, and

wi =
∥∥A12 − diB1K2

∥∥
1
.

D. ϵ⋆-differentially private consensus
Theorem 10: Let the observer’s initial values x̂y,1i(0) =

x̂y′,1i(0) for adjacent y(k) and y′(k) with m > 0 and h(k) =
αk, α ∈ (0, vi). Consider bi(k) = cig

k
i , gi ∈ (vi, 1). Assume

there exist matrices K and L such that ρ(IN−1 ⊗ A − Λ ⊗
BK) < 1 and ρ(A11 − LA21) < 1. Then, for any desired
privacy level ϵ⋆ > 0, there exist gi such that mean square
consensus, almost sure consensus, and ϵ⋆-differential privacy
are simultaneously achieved if the following condition holds:

m(wi + 1− vi) < ϵ⋆ci(1− α)(1− vi), (34)

where vi =
∥∥A11 − diB1K1

∥∥
1

and wi =
∥∥A12 − diB1K2

∥∥
1
.

Proof: The privacy preservation problem reduces to
finding gi ∈ (vi, 1) satisfying:

ϵ⋆ =
mgi(wi + gi − vi)

ci(gi − vi)(gi − α)

Rearranging terms yields the quadratic equation:

f(x) = (ϵ⋆ci−m)x2−[ϵ⋆ci(α+vi)+m(wi−vi)]x+ϵ⋆ciαvi = 0.

We first establish that f(vi) < 0. Evaluating at x = vi, we
have
f(vi) = (ϵ⋆ci −m)v2i−[ϵ⋆ci(α+ vi)+m(wi − vi)]vi+ϵ

⋆ciαvi

= ϵ⋆civ
2
i −mv2i−ϵ⋆ci(α+ vi)vi−m(wi − vi)vi+ϵ

⋆ciαvi

= −mwivi < 0.

Next, evaluating at x = 1, we have

f(1) = (ϵ⋆ci −m)− [ϵ⋆ci(α+ vi) +m(wi − vi)] + ϵ⋆ciαvi

= ϵ⋆ci(1− α)(1− vi)−m(wi + 1− vi)

Assume m(wi+1−vi) < ϵ⋆ci(1−α)(1−vi). Then, f(1) >
0. Since f(vi) < 0, f(1) > 0, and f(x) is continuous, the
Intermediate Value Theorem guarantees at least one real root
in (vi, 1). Uniqueness follows from analyzing the quadratic’s
behavior: regardless of the sign of (ϵ⋆ci − m), the opposite
signs at the endpoints ensure exactly one root in the interval.
This completes the proof.

Remark 19: A notable distinction in Theorem 10 is the
absence of the observer gain L in the privacy condition, con-
trasting with its presence in Theorem 5 through the term ∥L∥1.
This fundamental difference arises from the intrinsic structure
of the reduced-order observer. The observer is designed to
estimate only the unmeasurable portion of the states, while the
outputs y(k) itself constitutes the directly accessible informa-
tion that requires privacy protection. The estimation process
of the internal states, governed by L, does not directly expose
sensitive output information and therefore does not influence
the privacy guarantee. This reveals an inherent advantage of
reduced-order observers in privacy-preserving control systems:
the mechanisms for state estimation and privacy-preserving
can be decoupled.

Remark 20: Compared with the full-order observer, the
reduced-order observer significantly decreases the computa-
tional burden. Since only the reduced state x̂1i(k) ∈ Rn−q is
estimated, the observer update requires O((n−q)2) operations,
instead of the O(n2) operations in the full-order case. The
control computation O(din) and the O(n) Laplace noise gen-
eration remain unchanged. Therefore, the per-agent complexity
decreases from O(n2) (full-order) to

O((n− q)2) +O(din) +O(n),

achieving a strictly lower computational cost. This reduction
becomes especially significant when q is large, offering im-
proved scalability for high-dimensional systems.

Remark 21: Our framework holds potential for extension to
directed graph scenarios. Although the detailed design of such
algorithms is beyond the scope of this paper, one can follow
the core ideas presented herein-particularly regarding noise
adding and observer design-to develop differentially private
consensus protocols for directed networks. In the case of
directed graphs, it is crucial to note that the system converges
to a weighted average consensus rather than a dynamic average
consensus. This stems from the spectral properties of the
asymmetric Laplacian matrix, which cause the system to
converge to a weighted average. The steady-state weights
for this average are determined by the corresponding left
eigenvector [30].

Remark 22: It is worth mentioning that random delays and
packet losses make the closed-loop networked system history-
dependent and generally non-Markovian, which prevents a
direct extension of our current convergence (consensus) analy-
sis to such settings [38]. Therefore, establishing differentially
private consensus under non-ideal communications with delays
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Fig. 1. The communication topology of MAS (1).

and packet losses calls for new privacy-preserving algorithms
and corresponding analysis tools. Neither communication de-
lays nor packet losses weaken the privacy protection, since the
differential privacy noise is injected locally before transmis-
sion. This is consistent with the fact that differential privacy is
resilient to postprocessing (see Theorem 1 in [32]). We leave
this important direction for future research.

V. SIMULATION

In this section, we consider the MAS (1) with the commu-
nication topology depicted in Fig. 1. The system matrices are
given by

A =

[
1.2 0
0 0.5

]
, B =

[
1 0
0 1

]
, C =

[
1 0

]
,

The simulation results are presented separately based on the
full-order observer and the reduced-order observer.

Example 1 (Full-order observer): Selecting

L =

[
0.5
0.45

]
,K =

[
0.18 0
0 0

]
such that ρ(A− LC) < 1 and ρ(IN−1 ⊗A− Λ⊗BK) < 1.

To avoid resonance phenomena, the observer gain param-
eters gi and ci are initialized as random values uniformly
distributed within the intervals [0.9, 0.95] and [1.2, 1.24], re-
spectively, where i = 1, 2, . . . , 10.

Denote θai (k) as the first component of θi(k). For adjacent
y(k) and y′(k), denote θai (k) and (θai (k))

′ as the message that
Agent i sent to other agents at time k, respectively. It can be
computed that max(li) = 0.86 < gi. Let h(k) = mαk with
m = 0.5, α = 0.5 < min(li) = 0.68, y′1(k) = y1(k) +mαk,
and y′i(k) = yi(k) for i = 2, 3, · · · , 10.

Therefore, all conditions of Corollary 5 are satisfied. The
mean square consensus, almost sure consensus, and the preser-
vation of ϵ-differential privacy are simultaneously achieved
with ϵ = 23.4. As shown in Fig 2 and Fig 3, the mean square
and almost sure consensus are achieved. We carried out 1000
experiments and the histogram of θa1(k) and (θa1(k))

′ at k = 2
is given in Fig 4.

Fig. 2. The trajectory of observation errors (Full-order Observer).

Fig. 3. The trajectory of consensus errors (Full-order Observer).

Fig. 4. The histograms of θa
1 (k) and (θa

1 (k))
′ at k = 2 (Full-order

Observer).
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Fig. 5. The trajectory of observation errors (Reduced-order Observer).

Example 2 (Reduced-order observer): Selecting

P =

[
1 1
1 0

]
,

we have

A = PAP−1 =

[
0.5 1
0 1.5

]
,

B = PB =

[
1 1
1 0

]
, C = CP−1 =

[
0 1

]
.

Select L = 0.03 such that ρ(A11 − LA21) = 0.5 < 1.
Select

K =

[
0.05 0
0 −0.02

]
such that ρ(IN−1 ⊗A− Λ⊗BK) < 1.

To avoid resonance phenomena, the observer gain param-
eters gi and ci are initialized as random values uniformly
distributed within the intervals [0.9, 0.95] and [0.5, 0.54], re-
spectively, where i = 1, 2, . . . , N . Therefore, all conditions of
Corollary 6 are satisfied. As shown in Fig 5 and Fig 6, the
mean square and almost sure consensus are achieved.

Denote θai (k) as the first component of θi(k). For adjacent
y(k) and y′(k), denote θai (k) and (θai (k))

′ as the message
that Agent i sent to other agents at time k, respectively. It
can be computed that max(vi) = 0.1. Let h(k) = mαk with
m = 0.5, α = 0.5, y′1(k) = y1(k) +mαk, and y′i(k) = yi(k)
for i = 2, 3, · · · , 10. It can be seen that max(α, vi) < gi < 1.
From Corollary 9, the ϵ-differential privacy is preserved with
ϵ = 4.4. We carried out 1000 experiments and the histogram
of θa1(k) and (θa1(k))

′ at k = 4 is given in Fig 7.
Remark 23: It is worth noting that the proposed frame-

work admits natural scalability to large-scale networks. As
established by our theoretical analysis, such as Corollary 5
and Corollary 10, the validity of the differentially private
consensus results does not depend on the number of agents,
and larger networks with dozens or even hundreds of agents
are expected to exhibit the same privacy-preserving consensus
behavior.

Fig. 6. The trajectory of consensus errors (Reduced-order Observer).

Fig. 7. The histograms of θa
1 (k) and (θa

1 (k))
′ at k = 4 (Reduced-

order Observer).

Remark 24: This paper adopts differential privacy via noise
injection to provide a preservation of output information. It
avoids key management and incurs low computational and
communication overhead, making it easy to deploy in MASs.
Its limitation is the inherent privacy-performance trade-off:
injected noise may slow convergence or reduce steady-state
accuracy. By contrast, homomorphic encryption can offer
stronger, cryptographic (deterministic) privacy but at the cost
of heavy computation and communication and key distribution.
Affine masking and state-decomposition methods typically
preserve accuracy better without adding noise, yet rely on
specific structural or invertibility assumptions, which restrict
their applicability.

VI. CONCLUDING REMARKS

This paper investigates differentially private consensus in
general linear multi-agent systems using both full-order and
reduced-order observers. To protect the potentially vulnerable
output information, Laplace noise is introduced into the inter-
agent communication process. The sufficient conditions to
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ensure differentially private consensus based on full-order and
reduced-order observers are derived, respectively. The results
not only deepen the theoretical understanding of privacy-
preserving consensus in MASs but also provide a practical
framework for protecting sensitive information in distributed
cooperative control.

The present study focuses on static communication topolo-
gies. Extending these results to switching topologies rep-
resents a meaningful direction for future work. In such
dynamic settings, protocol stability and convergence would
likely be influenced by network connectivity and switching
patterns. While differential privacy mechanisms, depending on
noise statistics, may exhibit inherent robustness to topological
changes, the network structure could still indirectly shape the
privacy-performance trade-off. For example, weaker connec-
tivity might prolong convergence, potentially increasing the
exposure of intermediate states [39], [40].

In the future, implementing differentially private consen-
sus control within a fully distributed architecture presents a
promising research avenue. One might explore the use of local
rules, such as Metropolis weights, in combination with time-
varying noise mechanisms. Such an approach could potentially
achieve both mean-square consensus and privacy protection
over an infinite time horizon under fixed topologies [41].

Extending the differential privacy consensus framework
from existing linear systems to more general nonlinear sce-
narios may require leveraging a series of advanced analytical
tools. For instance, one could explore integrating Lyapunov
stability theory with sector-bounded conditions to address
complex nonlinear dynamics in the system. The co-design
of control and noise injection mechanisms might also be
investigated using tools such as linear matrix inequalities [42].

Although Laplace and Gaussian noise are widely employed
for privacy protection, they often come at the cost of com-
promising the convergence rate. Future research may focus on
developing more efficient noise injection strategies, such as
adaptive noise mechanisms [43] and hybrid noise mechanisms
[44], and other protocols, such as event-triggered protocol
[45]. The idea of network augmentation is also very interesting
[46].
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